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Moxamman Jkanans Ajamamaasn

K OHEHKE OBJACTHU NPUTAXKEHUA TOJIOXKXEHUS PABHOBECHUSA
HEJIMHEWHBIX CUCTEM YIIPABJEHUS

Cunme3s HeTUHEUHBIX CUCEM YNPABLeHUs, NO-NPENHCHEMY, ABIAEMCs CIONHCHOU 3a0ayel, no-
IMOMY MHO2UE UCCIe008aAmenU NbIMAIOMcs Hatimu dghgexmuenvie cnocobbl U Memoobl peueHus
amoil npobnemvl. B pezyibmame maxux ucciedosanuii 6bino papadomano HeCKoabKO Memoodos
CUHme3a cucmem ynpasneHus Ojisk HeIUHEUHbIX 00bEeKMOo8, Kadicoblil U3 KOMOPbIX 0aém cucmembl ¢
paznuunsimu ceoticmeamu. 1109momy 603HUKAGA HEOOXO0OUMOCMb CPABHUMb HEKOMOPbLE MEMOObl,
umobwvl onpedenumy, KaKoll U3 HUX A61Aemcs 00CMAMOYHO NPOCMbIM U NO360IAEM HAUMU Helu-
Hetinyto cucmemy ¢ ayuwumu ceoticmseamu. C 3moil yeavio, 6 OaHHOU pabome cPpasHUBAOMCS 00-
nycmumole 001aCmu HAYAIbHBIX YCIO0GULL, NPU KOMOPLIX CO30AHHbLE PA3IUYHLIMU MEmMOOaMu He-
JIUHelIHble cUCmeMbl YRpasieHust S6usomest pabomocnocobnvimu. Paccmampusaromes 0éa ana-
JUMUYECKUX Memood NPOeKmupo8anusi CUCIeM YNPasieHus Pa3IudHbIMU HeTUHEUHbIMU MeXHUYe-
CKUMU 00BEeKMamu, maKumu Kak MoOuibHble pooomovl u MHo2ue opyeue 00vekmul. dmo aneebpau-
uecKull NONUHOMUATLHO-MAMPULHBIT MEMOO, UCNONb3VIOWUI KE8AZUIUHEUHYI0 MOOeb, U Memoo
JUHeapu3ayuy 06PaAmHoL C653b10, UCNOILIYIOWUL NPUBEOEHUEe 3A0AHHBIX HETUHEUHbIX YPAGHEHULL
obvexma xk gopme bpynosckozo. Oba paccmompeHHbIx mMemooa 0arm 02pAHUYEeHHYI0 001acmb
NPUMSIHCEHUs. NOJIOJICEHUSL PAGHOBECUSL NOLYHEHHBIX CUCIEM YAPAGIEHUs, NOINOMY MU CUCHIEeMbl
Mo2ym pabomams MoAbKO C 02PAHUYEHHBIMU HAYALbHLIMU YCA08UsMU. B cmambe npueeden uuc-
JIeHHbLIL NpUMep NPOEKMUPOBAHUsL CUCMeEM YNPABIeHUst Oisl 00HO20 00bEeKMaA IMUMU O8YMs Memo-
Odamu. Oyenxu obnacmeti nPpUMANCEHUs PABHOBECUSI IMUX CUCHEM ONPEOeNSIOMC ¢ NOMOULIO
MATLAB. B pe3ynomame ycmano8ieHo, 4mo aneeopaudeckoli nOJUHOMUATLHO-MAMPUYHOU Me-
Mmoo no3gossiem obecneuums OOILULYIO 00IACMb OONYCMUMbBIX HAYATLHBIX YCL08UL, NO CPAGHEHUIO
¢ mMemooom nuneapuzayuu obpammuou ceazvio. Kpome moeo, arcopumm cunmesa HeIUHENUHbIX
cucmem ynpaeieHus aneedpaudeckum NOIUHOMUATLHO-MAMPULHBIM MemoOoM seisiemcs 6ojee
NPOCMbIM U NOTHOCMBIO 8LINOIHAENMCSL HA KOMIblomepe. Dmo no360Jisiem CYumamy, Ymo peuenue
3a0ay NPOeKMUPO8anUs CUCMeM YNPAGIeHUsl HeTUHEHbIMU 00beKmami Yeiecooopastee 6binoJi-
HAMb AN2eOPaudeckuUM NOSUHOMUATLHO-MAMPUYHBLM MEMOOOM.

Henunetinvlii 06vexkm,; ocpanuiennvie Ha4aibHbie YCI08Us; 001ACmb NPUMAdNCeHus, daneed-
paudeckuil NOTUHOMUATLHO-MAMPUYHBLIL MeMOo0, MEmooO TUHeaApU3VIOuWux 06pamHbIX C6s3ell.

Mohammad Jalal Almashaal

TO ESTIMATION OF ATTRACTION AREA OF EQUILIBRIUM
IN NONLINEAR CONTROL SYSTEMS

Designing nonlinear control systems is still difficult, so many researchers are trying to find
some useful ways and methods to solve this problem. As a result of such research, some methods
have been seen trying to design a good enough control system for nonlinear plants. But a disad-
vantage of these methods is the complexity, so it created a need to compare some methods to de-
termine which one is the easiest method to design a control system for nonlinear plants. It was
found a way to compare two methods, which is comparing the regions of initial conditions of the
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systems which are designed using these methods. Two analytical nonlinear control systems design
methods are compared on the example of the design control systems mobile robots. The algebraic
polynomial-matrix method uses a quasilinear model, and the feedback linearization method uses
particular feedback. Both considered methods give a bounded domain of equilibrium attraction,
therefore the obtained control systems can be operated only with bounded initial conditions. The
numerical example of designing the control systems for one object by these methods and the esti-
mates of the attraction areas of the system’s equilibriums in these systems are given in the paper.
As a result of this paper, it was found that using the algebraic polynomial-matrix method will get a
bigger section of initial conditions of the plant’s variable than the same section which is given by
the feedback linearization method.

Nonlinear plant; bounded initial condition; attraction area; algebraic polynomial-matrix
method; linearizing feedbacks method.

Introduction. Real-world systems are inherently nonlinear in nature at least when
considered over a wide operating range [1]. Recently, an active interest in the design and
analysis of nonlinear control systems has been shown in much research like process con-
trol, biomedical engineering, robotics, and spacecraft control [2]. One of the most effec-
tive reasons behind the growing interest in nonlinear control includes the need to deal
with model uncertainties and design simplicity [3].

A lot of researchers have tried designing an effective nonlinear control. New re-
search has been conducted to simplify the process of designing nonlinear systems using
transformation methods [4, 5]. Usually, the nonlinear plant equations are transformed
into such forms as the feedback linearization method [4—6], regularization method [7],
passivity method [8-10], backstepping method [11], Jordan controlled form method
[12], quasilinear model method [13, 14], position control method [15, 16], and others.

The aim of this paper is to find the areas of the initial conditions in which the con-
trol systems for one nonlinear plant are still asymptotically stable. In addition to finding
a control system that is designed by two analytical methods and making a comparison
between them to decide which design method gives a wider area of attraction under ini-
tial conditions.

This paper consists of 5 parts. The first is an introduction, the second one is a defi-
nition of the algebraic polynomial-matrix (APM) method, which uses the quasilinear
model, the third part is a short definition of the feedback linearization method, and the
fourth part is devoted to giving an example in order to evaluate the resulted area of at-
traction which is given by these two methods, and the last part is the conclusion.

Algebraic polynomial-matrix method. This method is used for the design a con-
trol system of linear or nonlinear objects of arbitrary order, which are given as
quasilinear model and have the form

x=AX)x+b(x)u, y=c"(x)x. @
In this case, the desired control model is given in the form
u=u(g,x) =k, (x)g ~ k" (¥)x = ko (x)g ~ [k, (X)x, + k, ()x, + ...+ &, (¥)x,],
where £, (x) are the coefficients of the matrix-row k" (x) calculated during the design,
which are the feedback coefficients on state variables x, in a closed system, i=1 n;
and g = g(z) is the setting action. Usually, g(¢) =g, *1(z) [17, 18].

Substituting (2) into (1) shows that the mathematical model of a closed system will
also have the form corresponding to the structure of a quasilinear model, i.e.

x=D(x)x+k,(x)b(x)g, 3

where D(x) is also a functional matrix of the same dimension as A(x). The structure of the
matrix D(x), as follows from the substitution, is determined by the following expression:
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D(x) = A(x) —b(x) - k" (x)- 4)

For determining £, (x) are found polynomials which have the form
A(p,x) =det(pE—A(x)) =p" +a, (x)p" " +...+ o, (x) p + oty (x). ®)
V(p.x)=e-Adji(pE—A(x)) b(x) = VD" ) Y () p v (X) (6)
In these expressions ¢, (x) are the coefficients of the characteristic polynomial of
the matrix A(x) of the controlled object (1); e, - i-th row of the identity nxn-matrix £;

Adj(pE - A(x)) is the attached matrix; v (x) are the coefficients of the polynomials

V.(p,x), i=1,n, j=0, n—1.
A polynomial is formed

D) =[](p-p)=p"+8,.0" " +8, 0" " +.ct Sp+3y° Y
i=1

where 51 are any positive numbers for which the roots of the polynomial D*(p) are

real, distinct and negative. Next, the difference of polynomials D*(p) and A(p,x) and its
coefficients are determined:

R(p,x)=D"(p) = A(p,x)=8,,p"" + 8, ,(x)p" " +.. 4+ 5,(x) p + 5(x) - ()
A system of algebraic equations is compiled:

Vio Va0 7 Vo k, S,
Via  Var o 0 Vi k, | o . (9)
Vl,n—l vZ,n—l e vn,n -1 kn é:1—1

The matrix D(x) is calculated by use expression (4). The coefficient ky(x) from (2)
is found with condition )° = g, by the formula

. -1
k() = (10)
¢ (x)D7(x")b(x)
where y° = limy(t);500, x° = limx(t) ;- c0-
Feedback Linearization method. To apply this method, the equation (1) is repre-
sented:

X = A(x) +b(x)u,, (11)
A controllability matrix has the form in this case
U, =(b,[4,b], ..., [4,ad’b]). 12)

in expression (12) ad b ="b; adb=[4, b]=(ob/ ox) A~ (041 &x)b
ad;ib = [,Z,ad;’l'*lb] , ... 1s a derivative of vector field b in direction of ;l(x) [21]. If the

determinate of controllability matrix (12) doesn’t equal to zero and columns are involute,
the transformation z(x) = 7; (x) are determined from conditions
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%ad;bzo, i=0,n-2, %adg_lbio- (13)
Ox Ox

The transformation z(x) allows to find feedback u,(x), which converts the system
(11) into linear Brunovsky form with control v. Then the linear stabilizing control
v = v(z) can be determined very easily, and the transformation z(x) will give required
control uy = uy(x) = v(z(x)).

To evaluate the area of attraction of the equilibrium of nonlinear control systems,
we need firstly to design the control, which makes the system asymptotically system.
Then max and min of each of the initial conditions of the plant’s variables in which the
system is still stable determined, to do that, will take an example.

Example. Suppose a pendulum is described as a form [19]

0 10 0
A(x)=|5w(x) 0 2|,b(x)=|2
Tw(x) 0 1 1

(14)
Where W(xl) = xilsin x5 A(x) = [ag (x)] is a functional 72 X 71 -matrix,
b(x) =[b,(x)] is functional n-vector [21]. To find the stabilizing control for (14) by

the considered methods.

Design by using algebraic polynomial-matrix method. According to this method
firstly we need to check satisfying of the controllability condition [13]. In this case

detU, (x) =—36x; ' sinx, . So we can find a control system only if |x,| < 7. The pol-
ynomials can be determined as [20]:
A(p,x) =det(pE — A(x)) = p* = p* + oy () p + (%)
Vi(p,x) =eAdj(pE — A(x))b=2p.
V,(p,x) = &,Adi(pE — A(x))b = 2p* (15)
Va(p,x) = e,Adj(pE — A(x))b = p* +9w(x,),
where q, (x) =—=5w(x); a,(x) =-9w(x), e;is i-th a line of a unit matrix of £.
Let the desirable Hurwitz polynomial D"(p) = p® +§,p* + &, p* + 35, of the matrix
Dy(x) = A(x)~b(x)k" (x) and R(p,x)=D(p)~A(p,x)= (3, +Dp" + (@ +5w(x,)p +8; +In(x)-
Therefore, polynomials (15) will led to create the algebraic system:
0 0 9w(x)| | k(x) 8y +9w(x,)
20 0 || k(x)|=] 8 +5w(x,)
0 2 1 kg (x) 5, +1

x| <, (16)

where kl. (x) are some nonlinear functions, i = 1, 2, ... n [21]. The solution of system
(16) gives the required control: y, (x) =0, 551‘ +2,5w(x))]x, _[(),55; — 5’; /18w(x,)]x, —
L+ 85 /Iy || <

Design by using feedback linearization method. According to this method, here
Izl(x):[x2 5sin x, + 2x, 7Sinxl+x3]7, b(x)=[0 2 1]7- To find the trans-
formation z(x) we need first to find the controllability  matrix
U,=(b ad’p ad?b) =(b [4,5] [21,[21,1;]])- In this case
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ad.b=(0b10ox)A— (04l ox)-b=[-2 -2 -1]'. 17
ad’b = ad (ad, b) = (8(ad b) | 0x) A(x) — (84 ox)ad ;b = (18)
=[2 10cosx, +2 1l4cosx, +1]".
According to (17), (18), the controllability matrix has form
0 -2 2
U,(x)=|2 -2 10cosx,+2 |
1 -1 14cosx, +1

(19)

The detU, =36c0sx, and columns of the matrix (19) form an involute set, i.e.
the controllability condition is satisfied if only|x1| <m/2 [20].

Now we can define the transformation z(x)=T(x)=[7,(x) T,(x) T,(x)I'
starting from the function Zl(x) ; this function is determined in [20]:

TJ’.x (x)b = 2]1,,\'2 + ]1,x3 = 0’
T, (x)ad/ab = _2]1,xl - 271,)(2 - 271,x3 =0

(20)

, (21)
T,.(x)ad’b =-2T, , + (10cosx, + 2)T; ., + (14cosx, + DT, , #0. (22)

The conditions (20), (21) and (22) are used to define the function

T, (x) =T,(x,,x,,x,) Which can be any function that satisfies these three conditions

[20]. From the conditions (20) we can say that 7;(x) depends only on x, and x3. On the
basis of a condition (21), (22) it is possible to accept 7;(x) = x, — 2x, = z, as the sim-

plest function. )

The function T, (x) is defined from expression Tz(x) = JIXA(X) =-9sin X, =2z,
Similarly, T, (x) can be defined by expression: Ts(x) = szj(x) = —9x2 COSX, =z,
It will easily be convinced that the transformation

X, —2x,
z(x)=T(x)=| -9sinx,
—9x, CoS x,

(23)

transforms the equation (11) where g(x) =[x2 5sinx, +2x, 7sin x1+x3]’,
b(x)=[0 2 1]’ into the linear equation of Brunovsky form:

=z, z v]j- (24)

Control v(z) at which the linear system (24) is asymptotically stabile evidently
has an appearance v =—g,z, — 8,z, — 5,2, at which the equation (24) passes into the

equation

0 1 0 -
z=| 0 0 1 |z’ (25)
_50 _51 _52

10
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Here the coefficients &, are chosen according to the requirements to character and

duration of transient of the control system (25).
The desired stabilizing control is obtained in form
— 1 2
(1) = 0o(2x,—x,) + 98, sinx, +98,x, cos x, +§sinxl+x3 —ﬁtanxl’ |x1| <n/2.
18cosx, 2 2

(26)

Further, we assert since the transformation z(x) is reversible, i.e. a nonsingular
transformation x(z) exists, then the systems (14), (26) are also asymptotically stable

(!imx(t) =0) if |x, (¢, x%,)| </ 2.

Modeling the systems using MATLAB with the designed control by using the two
methods was shown in [13], and it was noticed that both controls make the system as-
ymptotically stable with a duration of transient not more than 1.6 sec. Apparently from
the stated above expressions the domain of equilibrium attraction of the control systems
obtained using the compared methods is bounded that is caused by the controllability
conditions of each method. Therefore, these systems can be operated only with bounded
initial conditions.

To find the boundary of initial conditions using MATLAB, the region of initial
conditions of each control system can be found in which the designed control system is
still stable. This region of initial conditions of the control system is designed by the
APM method shown in Fig. 1,a, and Fig. 1,b shows the same region of initial conditions
of the system is designed using the feedback linearization method.

Y Y

4 a3 2 0 1 2 3 X 4 -3 2 - 0 1 2 3 X

a b

Fig. 1. Section of region of initial conditions is given by the compared methods

It is noticed that the section of a region of initial conditions of the system which is
designed by APM method is bigger about 6 times than the same region of the designed
system using feedback linearization method. Also, it can be noticed that the obtained
section has two dimensions, where the first dimension describes the variable x1, also the
variable x2 is described by the second dimension of the section, where this section was
found by determining the maximum value of each variable in which the designed control
system makes the system asymptotically stable.

Conclusion. As a result of the study, it was found that both methods make it possible
to synthesize a control system for nonlinear objects, but only if the condition of object con-
trollability is satisfied. Nonlinear control systems obtained by both methods are asymptoti-
cally stable, but they have different regions of attraction of equilibrium. The algebraic pol-
ynomial matrix method is simpler than the feedback linearization method. This is due to
the fact that the algorithm of the algebraic polynomial-matrix method has certain steps,
performing which we get a nonlinear control system, spending less time and effort. At the
same time, the feedback linearization method contains steps that require quite complex, but

11
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this method doesn’t completely define the transformations that must be performed to ob-
tain a mathematical model of the control system in the Brunovsky form. In this paper, it is
established that the feedback linearization method leads to a nonlinear control system with
a smaller range of acceptable initial conditions for state variables, in which the control sys-
tem is asymptotically stable. The algebraic polynomial-matrix method gives a large range
of initial conditions under which the designed control system is stable. These conclusions
follow from the above sections of the attraction regions of both systems. In the future, it is
supposed to define the region of initial conditions as a region of three-dimensional space,
since the systems have an order equal to three.
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C.JL Beaskos, A.B. Boxeniok, H.A. T'onosa, 1.H. Pozenoepr, K.C. SIBopuyk

HUHTEJUVIEKTYAJIBHASA PEKOMEHJATEJIBHASA CUCTEMA
JJIAA MTIPOCTPAHCTBEHHOI'O AHAJIM3A

Paboma noceawena ananuzy mMexanuzmos Gopmuposanus pekomMeHoayuti U oyeHKu peax-
YUY HA HUX 8 UHMEPAKMUBHOM pexcume pabomyl NOIb308ameNns ¢ 2eOUHPOPMAYUOHHOU cucme-
Mmoti. OOHoU U3 8axCHbIX 0Oaacmell NPUMeHeHUs PeKOMEeHOAMENbHbIX CUCHeM ABNAeMCs NOUCK U
npuHAmMUe peuleHull 6 npocmpancmeenuvix cumyayuax. OcobeHHocmvl0 0AHHO20 Kiaccd 3a0ay
ABIAIEMCA HeONPeOeNeHHOCb NOCMAHO8KU 3a0a4 U HeOOHO3ZHAYHOCMb OYEHUBAHUS DeueHull.
Ionvzo06amenu 3a4acmylo CMAIKUBAIOMCA ¢ NPOOIEMAMU, KOMOpble He UMEIOm YemKoll Popmy-
auposku. Cmpemnenue ux paspewunto nompedyem He moabko 8bl60pa HANPABNIEHUs. NOUCKA P e-
WeHUs, HO U HAXOMHCOeHUs A0eK8AMHOU NOCAe008AMENbHOCIU 3a0ad ¢ YemKO 0QOPMIEHHbIMU
6XOOHbIMU U BLIXOOHBIMU OAHHLIMU. Pexomenoayuu 6 maxux cayuasx npuseanvl 6 0uaioee ¢ nob-
308amenem-aHanumuKomM nIGHUPOBAMb cmpamezulo noucka pewenul. B nacmosuyeii pabome
uccnedyemcs UHMeNNeKmyaibHas peKoMeHOAMENbHASL CUCIEMA, UCHOTb3VIOWAs ONbIN OUAN020-
6020 83auMOOelicmeus 8 npoyecce uzyieHuss npooiemvl. Ilpednasaemcs moodenv adanmayuu K
MEHMANbHOMY 00paszy npoobiembl, KOMOPbLL CMPOUNt HOIL308AMEND, C Y4EeMOM YPOGHEN €20 ClU-
MYAYUOHHOU 0C6€00MAEHHOCU U KO2HUMU6HoU Hazpysku. Ocobennocms MoOenu 8 UCnonb3084a-
HUU BU3VATLHBIX KAPMOPAPUUECKUX 00BEKMO8, ABIAIOWUXCA UHOUKAMOPAMU COCMOAHUA MeH-
manvHo2o obpasa. Pexomenoayus npeocmasnaemcs Habopom 06vbeKmos, Komopbvie GHeOPAIOMCa 8
obnacme Kapmozpaduuecko2o anaiusza. Tem cambiM HEs8HO UHOYYUPYEMC s ONpedeleHHOe CMbl-
CN060e HanpasieHue NOBbIUEHUs CUMYAYUoHHoOU oceéedomaennocmu. Ilpeonacaemca kpumepuii
YOosnemeopenHocmu pekomenoayusmu. IIpusooumcs ouazpamma coCmosHuil pekomeHoamens-
HOU cucmembl, ONUCHIBAIOWA NOOOOP adeK8amHo2o peutaemoll npobneme kowmexcma. I100 koH-
MEKCMOM NOHUMAEMCS. UHPOPMAYUOHHBITL 00BEKM, CHOCOOHbII NPedoCmagisimsd NPOSPAMMHbBLE
@yHKYUU U OaHHble 0N peweHUs 3a0ay 0epaHuieHHo2o Kiacca. ITocnedosamenbHocmy KOHmMeK-
CMO8 6 ceance aHANU3A PACCMAMPUBAEMCA KAK npeyeOeHm onvimd. [{iia 603MONCHbIX Yenoyex
KOHMEKCMO8 npediodicenbl nokasamenu mpenod, menoenyuu u pumma. Yepes oannvie nokasame-
U OYEHUBAEMCS. CIMENEHb CMbICIL080U OIU30CHIU NPEYeOeHMO8 MeKyuWemy X00y NOUCKA PeuleHUs..
Hx ucnonw3osanue no36onum nogvlcunis CKOpOCHs adanmayuil.

Pexomenoamenvuas cucmema,; UHMeNIeKmyanbHas 2eOUHQOPMAYUOHHAS CUCeMa, CUmya-
YUOHHBLIL AHATU3; NPeOCMAasNeHue SHAHULL, NPUHATUE peuleHul.

S.L. Belyakov, A.V. Bozhenyuk, N.A. Golova, I.N. Rosenberg,
K.S. Yavorchuk

INTELLIGENT RECOMMENDER SYSTEM FOR SPATIAL ANALYSIS
The work is devoted to the analysis of mechanisms of formation of recommendations and
evaluation of the user's reaction to them in the interactive mode of work with the geoinformation

system. One of the important areas of application of recommender systems is the search and deci-
sion-making in spatial situations. A peculiarity of this class of problems is the uncertainty of task
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