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К ОЦЕНКЕ ОБЛАСТИ ПРИТЯЖЕНИЯ ПОЛОЖЕНИЯ РАВНОВЕСИЯ 

НЕЛИНЕЙНЫХ СИСТЕМ УПРАВЛЕНИЯ 

Синтез нелинейных систем управления, по-прежнему, является сложной задачей, по-
этому многие исследователи пытаются найти эффективные способы и методы решения 
этой проблемы. В результате таких исследований было разработано несколько методов 
синтеза систем управления для нелинейных объектов, каждый из которых даёт системы с 
различными свойствами. Поэтому возникла необходимость сравнить некоторые методы, 
чтобы определить, какой из них является достаточно простым и позволяет найти нели-
нейную систему с лучшими свойствами. С этой целью, в данной работе сравниваются до-
пустимые области начальных условий, при которых созданные различными методами не-
линейные системы управления являются работоспособными. Рассматриваются два ана-
литических метода проектирования систем управления различными нелинейными техниче-
скими объектами, такими как мобильные роботы и многие другие объекты. Это алгебраи-
ческий полиномиально-матричный метод, использующий квазилинейную модель, и метод 
линеаризации обратной связью, использующий приведение заданных нелинейных уравнений 
объекта к форме Бруновского. Оба рассмотренных метода дают ограниченную область 
притяжения положения равновесия полученных систем управления, поэтому эти системы 
могут работать только с ограниченными начальными условиями. В статье приведен чис-
ленный пример проектирования систем управления для одного объекта этими двумя мето-
дами. Оценки областей притяжения равновесия этих систем определяются с помощью 
MATLAB. В результате установлено, что алгебраической полиномиально-матричной ме-
тод позволяет обеспечить большую область допустимых начальных условий, по сравнению 
с методом линеаризации обратной связью. Кроме того, алгоритм синтеза нелинейных 
систем управления алгебраическим полиномиально-матричным методом является более 
простым и полностью выполняется на компьютере. Это позволяет считать, что решение 
задач проектирования систем управления нелинейными объектами целесообразнее выпол-
нять алгебраическим полиномиально-матричным методом.  

Нелинейный объект; ограниченные начальные условия; область притяжения; алгеб-
раический полиномиально-матричный метод; метод линеаризующих обратных связей. 

Mohammad Jalal Almashaal 

TO ESTIMATION OF ATTRACTION AREA OF EQUILIBRIUM  

IN NONLINEAR CONTROL SYSTEMS 

Designing nonlinear control systems is still difficult, so many researchers are trying to find 
some useful ways and methods to solve this problem. As a result of such research, some methods 
have been seen trying to design a good enough control system for nonlinear plants. But a disad-
vantage of these methods is the complexity, so it created a need to compare some methods to de-
termine which one is the easiest method to design a control system for nonlinear plants. It was 
found a way to compare two methods, which is comparing the regions of initial conditions of the 
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systems which are designed using these methods. Two analytical nonlinear control systems design 
methods are compared on the example of the design control systems mobile robots. The algebraic 
polynomial-matrix method uses a quasilinear model, and the feedback linearization method uses 
particular feedback. Both considered methods give a bounded domain of equilibrium attraction, 
therefore the obtained control systems can be operated only with bounded initial conditions. The 
numerical example of designing the control systems for one object by these methods and the esti-
mates of the attraction areas of the system’s equilibriums in these systems are given in the paper. 
As a result of this paper, it was found that using the algebraic polynomial-matrix method will get a 
bigger section of initial conditions of the plant’s variable than the same section which is given by 
the feedback linearization method. 

Nonlinear plant; bounded initial condition; attraction area; algebraic polynomial-matrix 
method; linearizing feedbacks method. 

Introduction. Real-world systems are inherently nonlinear in nature at least when 

considered over a wide operating range [1]. Recently, an active interest in the design and 

analysis of nonlinear control systems has been shown in much research like process con-

trol, biomedical engineering, robotics, and spacecraft control [2]. One of the most effec-

tive reasons behind the growing interest in nonlinear control includes the need to deal 

with model uncertainties and design simplicity [3]. 

A lot of researchers have tried designing an effective nonlinear control. New re-

search has been conducted to simplify the process of designing nonlinear systems using 

transformation methods [4, 5]. Usually, the nonlinear plant equations are transformed 

into such forms as the feedback linearization method [4–6], regularization method [7], 

passivity method [8–10], backstepping method [11], Jordan controlled form method 

[12], quasilinear model method [13, 14], position control method [15, 16], and others.  

The aim of this paper is to find the areas of the initial conditions in which the con-

trol systems for one nonlinear plant are still asymptotically stable. In addition to finding 

a control system that is designed by two analytical methods and making a comparison 

between them to decide which design method gives a wider area of attraction under ini-

tial conditions.  

This paper consists of 5 parts. The first is an introduction, the second one is a defi-

nition of the algebraic polynomial-matrix (APM) method, which uses the quasilinear 

model, the third part is a short definition of the feedback linearization method, and the 

fourth part is devoted to giving an example in order to evaluate the resulted area of at-

traction which is given by these two methods, and the last part is the conclusion. 

Algebraic polynomial-matrix method. This method is used for the design a con-

trol system of linear or nonlinear objects of arbitrary order, which are given as 

quasilinear model and have the form 

( ) ( )x A x x b x u  , ( )Ty c x x .                                 (1) 

In this case, the desired control model is given in the form 

0 0 1 1 2 2( , ) ( ) ( ) ( ) [ ( ) ( ) ( ) ],T
n nu u g x k x g k x x k x g k x x k x x k x x         (2) 

where ( )ik x  are the coefficients of the matrix-row ( )Tk x  calculated during the design,
 

which are the feedback coefficients on state variables ix  in a closed system, 1,i n ; 

and ( )g g t  is the setting action. Usually, 
0 *) (1( )g t g t  [17, 18]. 

Substituting (2) into (1) shows that the mathematical model of a closed system will 

also have the form corresponding to the structure of a quasilinear model, i.e. 

0( ) ( ) ( )x D x x k x b x g  ,                                        (3) 

where D(x) is also a functional matrix of the same dimension as A(x). The structure of the 

matrix D(x), as follows from the substitution, is determined by the following expression: 
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( ) ( ) ( ) ( )TD x A x b x k x   .                                          (4) 

For determining ( )ik x  are found polynomials which have the form 

1

1 1 0( , ) det( ( )) ( ) ( ) ( )n n
nA p x p E A x p x p x p x

        ,         (5) 

  1

, 1 ,1 ,0( , ) Adj ( ) ( ) ( ) ( ) ( )n
i i i n i iV p x e p E A x b x v p x v x p v x

       ,          (6) 

In these expressions ( )i x  are the coefficients of the characteristic polynomial of 

the matrix ( )A x  of the controlled object (1); ie - i-th row of the identity n n -matrix E; 

 Adj ( )p E A x  is the attached matrix; ( )ijv x  are the coefficients of the polynomials 

( , )iV p x , 1,i n , 0, 1j n  .  

A polynomial is formed 

1 2

1 2 1 0

1

( ) ( ) ....
n

n n n
i n n

i

D p p p p p p p      

 



        .             (7) 

where i  are any positive numbers for which the roots of the polynomial *( )D p are 

real, distinct and negative. Next, the difference of polynomials *( )D p  and A(p,x) and its 

coefficients are determined: 

1 2

1 2 1 0( , ) ( ) ( , ) ( ) .... ( ) ( )n n
n nR p x D p A p x p x p x p x     

        .  (8) 

A system of algebraic equations is compiled: 

1,0 2,0 ,0 1 0

1,1 2,1 ,1 2 1

1, 1 2, 1 ,n 1 1

n

n

n n n n n

v v v k
v v v k

v v v k





   

    
    
     
    
    

    

.                              (9) 

The matrix D(x) is calculated by use expression (4). The coefficient k0(x) from (2) 

is found with condition yo
 = g0 by the formula 

0 1

1
( )

( ) ( ) ( )Tk x
c x D x b x


 ,                                     (10) 

where               ,               . 

Feedback Linearization method. To apply this method, the equation (1) is repre-

sented: 

2( ) ( )x A x b x u  ,                                                 (11) 

A controllability matrix has the form in this case 

 1

2 , [ , ], ...., [ , ]n
AU b A b A ad b ,                                       (12) 

in expression (12) 
0

Aad b b ; 1 [ ,  ] ( / ) ( / )Aad b А b b x А A x b       ; 

1[ , ]i i
A Aad b A ad b , … is a derivative of vector field b in direction of ( )A x  [21]. If the 

determinate of controllability matrix (12) doesn’t equal to zero and columns are involute, 

the transformation z(x) = 
1( )T x  are determined from conditions 
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1 0i
A

T ad b
x





,   0, 2i n  ,  11 0n

A

T ad b
x





.                          (13) 

The transformation z(x) allows to find feedback u2(x), which converts the system 
(11) into linear Brunovsky form with control v. Then the linear stabilizing control  
v = v(z) can be determined very easily, and the transformation z(x) will give required 
control u2 = u2(x) = v(z(x)).  

To evaluate the area of attraction of the equilibrium of nonlinear control systems, 
we need firstly to design the control, which makes the system asymptotically system. 
Then max and min of each of the initial conditions of the plant’s variables in which the 
system is still stable determined, to do that, will take an example. 

Example. Suppose a pendulum is described as a form [19] 

     

1

1

0 1 0

( ) 5 ( ) 0 2 ,

7 ( ) 0 1

A x w x
w x

 
 


 
  

0

( ) 2

1

b x
 
 


 
   ,                                     (14) 

Where 1

1 1 1( ) sinw x x x ; ( ) [ ( )]ijA x a x  is a functional n n -matrix, 

( ) [ ( )]ib x b x  is functional n-vector [21]. To find the stabilizing control for (14) by 

the considered methods. 

Design by using algebraic polynomial-matrix method. According to this method 
firstly we need to check satisfying of the controllability condition [13]. In this case

1

1 1 1det ( ) 36 sinU x x x  . So we can find a control system only if 
1 πx  .  The pol-

ynomials can be determined as [20]: 
3 2

1 0( , ) det( ( )) α ( ) α ( )A p x pE A x p p x p x      ,  

1 1( , ) Adj( ( )) 2V p x e pE A x b p  
, 

2

2 2( , ) Adj( ( )) 2V p x e pE A x b p                                   (15) 

2

3 3 1( , ) Adj( ( )) 9 ( )V p x e pE A x b p w x    , 

where 
1α ( ) 5 ( )x w x  ; 

0α ( ) 9 ( )x w x  , ei is i-th a line of a unit matrix of E. 

Let the desirable Hurwitz polynomial * 3 * 2 * 1 *

2 1 0( ) δ δ δD p p p p     of the matrix 

1( ) ( ) ( ) (– )Tx x xD A b k x  and * * 2 * *

2 1 1 0 1( , ) ( ) ( , ) (δ 1) (δ 5 ( ) δ 9 ( )R p x D p A p x p w x p w x        . 

Therefore, polynomials (15) will led to create the algebraic system: 

*

1 1 0 1

*

2 1 1

*

3 2

0 0 9 ( ) ( ) δ 9 ( )

2 0 0 ( ) δ 5 ( )

0 2 1 ( ) δ 1

w x k x w x
k x w x
k x

   
   

     
         

, 
1 πx  ,           (16) 

where ( )ik x  are some nonlinear functions, i = 1, 2, … n [21]. The solution of system 

(16) gives the required control: * * *

1 1 1 1 2 0 1 2( ) [0,5δ 2,5 ( )] [0,5δ δ /18 ( )]u x w x x w x x       

0 1 3[1 δ / 9 ( )]w x x  , 
1 πx  .   

Design by using feedback linearization method. According to this method, here 

 2 1 3 1 3( ) 5sin 2 7sin
TA x x x x x x   ,  ( ) 0 2 1

Tb x  . To find the trans-

formation z(x) we need first to find the controllability matrix

   1 2

2 [ , ] ,[ , ]A AU b ad b ad b b A b A A b    
. In this case 
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( / ) ( / ) [ 2 2 1]T
Aad b b x A A x b           .                     (17) 

2

1 1

( b) ( ( ) / ) ( ) ( / )

[2 10cos 2 14cos 1] .

A A A A A
T

ad b ad ad ad b x A x A x ad b

x x

       

  

           (18) 

According to (17), (18), the controllability matrix has form  

2 1

1

0 2 2

( ) 2 2 10cos 2

1 1 14cos 1

U x x
x

 
 

  
 
   

.                                      (19) 

The 
2 1det 36cosU x  and columns of the matrix (19) form an involute set, i.e. 

the controllability condition is satisfied if only
1 π / 2x   [20]. 

Now we can define the transformation 
1 2 3( ) ( ) [ ( ) ( ) ( )]Tz x T x T x T x T x   

starting from the function 
1( )T x ; this function is determined in [20]: 

1 1, 2 1, 3( ) 2 0,x x xT x b T T  
                                    (20) 

1 1, 1 1, 2 1, 3( ) 2 2 2 0x x x xAT x ad b T T T    
,                             (21) 

2

1 1, 1 1 1, 2 1 1, 3( ) 2 (10cos 2) (14cos 1) 0.x x x xAT x ad b T x T x T           (22) 

The conditions (20), (21) and (22) are used to define the function 

1 1 1 2 3( ) ( , , )T x T x x x  which can be any function that satisfies these three conditions 

[20]. From the conditions (20) we can say that T1(x) depends only on х2 and х3. On the 

basis of a condition (21), (22) it is possible to accept 
1 2 3 1( ) 2T x x x z    as the sim-

plest function. 

The function 
2 ( )xT x  is defined from expression 

2 1 1 2( ) ( ) 9sinxT x T A x x z    . 

Similarly, 
3 ( )xT x  can be defined by expression: 

3 2 2 1 3( ) ( ) 9 cosxT x T A x x x z    .  

It will easily be convinced that the transformation 

2 3

1

2 1

2

( ) ( ) 9sin

9 cos

x x
z x T x x

x x

 
 

  
 
  

                                               (23) 

transforms the equation (11) where  2 1 3 1 3( ) 5sin 2 7sin
TA x x x x x x   , 

 ( ) 0 2 1
Tb x   into the linear equation of Brunovsky form: 

 2 3

Tz z z v .                                              (24) 

Control v(z) at which the linear system (24) is asymptotically stabile evidently 

has an appearance  
0 1 1 2 2 3v z z z      , at which the equation (24) passes into the 

equation 

0 1 2

0 1 0

0 0 1z z
 
 


 
      

.                                                (25) 
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Here the coefficients i  are chosen according to the requirements to character and 

duration of transient of the control system (25). 

The desired stabilizing control is obtained in form 

2

0 3 2 1 1 2 2 1 2
2 1 3 1

1

δ (2 ) 9δ sin 9δ cos 5
( ) sin tan

18cos 2 2

x x x x x xu x x x x
x

  
    ,   

1 π / 2x  .           (26) 

Further, we assert since the transformation z(x) is reversible, i.e. a nonsingular 

transformation x(z) exists, then the systems (14), (26) are also asymptotically stable  

( lim ( ) 0
t

x t


 ) if 
1 0( , ) π / 2x t x  . 

Modeling the systems using MATLAB with the designed control by using the two 

methods was shown in [13], and it was noticed that both controls make the system as-

ymptotically stable with a duration of transient not more than 1.6 sec. Apparently from 

the stated above expressions the domain of equilibrium attraction of the control systems 

obtained using the compared methods is bounded that is caused by the controllability 

conditions of each method. Therefore, these systems can be operated only with bounded 

initial conditions.  

To find the boundary of initial conditions using MATLAB, the region of initial 

conditions of each control system can be found in which the designed control system is 

still stable. This region of initial conditions of the control system is designed by the 

APM method shown in Fig. 1,a, and Fig. 1,b shows the same region of initial conditions 

of the system is designed using the feedback linearization method. 

 
                               a                                                       b 

Fig. 1. Section of region of initial conditions is given by the compared methods 

It is noticed that the section of a region of initial conditions of the system which is 

designed by APM method is bigger about 6 times than the same region of the designed 

system using feedback linearization method. Also, it can be noticed that the obtained 

section has two dimensions, where the first dimension describes the variable x1, also the 

variable x2 is described by the second dimension of the section, where this section was 

found by determining the maximum value of each variable in which the designed control 

system makes the system asymptotically stable. 

Conclusion. As a result of the study, it was found that both methods make it possible 

to synthesize a control system for nonlinear objects, but only if the condition of object con-

trollability is satisfied. Nonlinear control systems obtained by both methods are asymptoti-

cally stable, but they have different regions of attraction of equilibrium. The algebraic pol-

ynomial matrix method is simpler than the feedback linearization method. This is due to 

the fact that the algorithm of the algebraic polynomial-matrix method has certain steps, 

performing which we get a nonlinear control system, spending less time and effort. At the 

same time, the feedback linearization method contains steps that require quite complex, but 
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this method doesn’t completely define the transformations that must be performed to ob-

tain a mathematical model of the control system in the Brunovsky form. In this paper, it is 

established that the feedback linearization method leads to a nonlinear control system with 

a smaller range of acceptable initial conditions for state variables, in which the control sys-

tem is asymptotically stable. The algebraic polynomial-matrix method gives a large range 

of initial conditions under which the designed control system is stable. These conclusions 

follow from the above sections of the attraction regions of both systems. In the future, it is 

supposed to define the region of initial conditions as a region of three-dimensional space, 

since the systems have an order equal to three. 
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С.Л. Беляков, А.В. Боженюк, Н.А. Голова, И.Н. Розенберг, К.С. Яворчук 

ИНТЕЛЛЕКТУАЛЬНАЯ РЕКОМЕНДАТЕЛЬНАЯ СИСТЕМА  

ДЛЯ ПРОСТРАНСТВЕННОГО АНАЛИЗА
 

Работа посвящена анализу механизмов формирования рекомендаций и оценки реак-
ции на них в интерактивном режиме работы пользователя с геоинформационной систе-
мой. Одной из важных областей применения рекомендательных систем является поиск и 
принятие решений в пространственных ситуациях. Особенностью данного класса задач 
является неопределенность постановки задач и неоднозначность оценивания решений. 
Пользователи зачастую сталкиваются с проблемами, которые не имеют четкой форму-
лировки. Стремление их разрешить потребует не только выбора направления поиска ре-
шения, но и нахождения адекватной последовательности задач с четко оформленными 
входными и выходными данными. Рекомендации в таких случаях призваны в диалоге с поль-
зователем-аналитиком планировать стратегию поиска решений. В настоящей работе 
исследуется интеллектуальная рекомендательная система, использующая опыт диалого-
вого взаимодействия в процессе изучения проблемы. Предлагается модель адаптации к 
ментальному образу проблемы, который строит пользователь, с учетом уровней его си-
туационной осведомленности и когнитивной нагрузки. Особенность модели в использова-
нии визуальных картографических объектов, являющихся индикаторами состояния мен-
тального образа. Рекомендация представляется набором объектов, которые внедряются в 
область картографического анализа. Тем самым неявно индуцируется определенное смы-
словое направление повышения ситуационной осведомленности. Предлагается критерий 
удовлетворенности рекомендациями. Приводится диаграмма состояний рекомендатель-
ной системы, описывающая подбор адекватного решаемой проблеме контекста. Под кон-
текстом понимается информационный объект, способный предоставлять программные 
функции и данные для решения задач ограниченного класса. Последовательность контек-
стов в сеансе анализа рассматривается как прецедент опыта. Для возможных цепочек 
контекстов предложены показатели тренда, тенденции и ритма. Через данные показате-
ли оценивается степень смысловой близости прецедентов текущему ходу поиска решения. 
Их использование позволит повысить скорость адаптации. 

Рекомендательная система; интеллектуальная геоинформационная система; ситуа-
ционный анализ; представление знаний; принятие решений. 

S.L. Belyakov, A.V. Bozhenyuk, N.A. Golova, I.N. Rosenberg,  

K.S. Yavorchuk  

INTELLIGENT RECOMMENDER SYSTEM FOR SPATIAL ANALYSIS 

The work is devoted to the analysis of mechanisms of formation of recommendations and 
evaluation of the user's reaction to them in the interactive mode of work with the geoinformation 
system. One of the important areas of application of recommender systems is the search and deci-
sion-making in spatial situations. A peculiarity of this class of problems is the uncertainty of task 
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